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Abst rac t - -Some new sufficient conditions for the oscillation criteria are given for the forced 
second-order nonlinear differential equations with delayed argument in the form, 
• " (t) + q (t) f (z (~- (t)))  = e (t) 
The results are based on the information only on a sequence of subintervals of [to, oc) rather than 
on the whole half-line. Our methodology msomewhat different from that of previous authors Our 
results generalize and extend some earlier results of Sun [1]. Furthermore, we are able to answer 
the question in recent paper [1] for the oscillation of bounded solutions of the above equation when 
f(x) = ]x[:~sgnx, 0 < A < 1 © 2005 Elsevier Ltd All rights reserved. 
Keywords- -Osc i l la t ion,  Second order, Forced term, Nonlinear differential equations, Delayed 
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1. INTRODUCTION 
Consider the second-order forced nonlinear differential equations with delayed argument, 
x" (t) + q (t) f (~ (~- (t))) = ~ (t), (1) 
where t > to k 0, q, f ,  T, e are cont inuous functions, T(t) is nondecreasing, w(t) < t for t E [to, (x~) 
and lim,--.oo T(t) = c~. Our interest is to establish oscil lation criteria for equat ion (1) that  do not 
assume that  q(t) and e(t) be of definite sign A solut ion of equat ion (1) is said to be oscil latory 
if it is defined on some ray [a, c~) and has unbounded zeros. Equat ion  (1) is called oscil latory if 
all its solutions on some ray are oscillatory. 
*Author to whom all correspondence should be addressed 
0898-1221/05/$ - see front matter ~) 2005 Elsevier Ltd All rights reserved Typeset by .AA/tS-TEX 
dol.10 1016/j.camwa.2005 02.005 
1648 D. ~AKMAK AND A TIRYAKI 
Equation (1) can be considered as a natural generalization of the second-order differential 
equations with delayed argument, 
x" (t) + q (t)[x (7 (t))l :~ sgnx (T (t)) = e (t), (2) 
and when ~-(t) = t, equation (2) takes the form, 
x" (t) + q (t)Ix (t)l sgnx (t) = e (t), (3) 
which is the forced Emden-Fowler equation. 
The oscillatory behavior of equation (3) has been studied by many authors. Here, we refer to 
the papers [2-6] and the references cited therein. In these articles, it is always assumed that q(t) 
is nonnegative. In early papers of Kartsatos [7,8], he assumed that e(t) is the second erivative of 
an oscillatory function g(t). Under certain conditions, he found that the forced equation would 
remain oscillatory if the unforced equation is oscillatory. Later, many authors also investigated 
the oscillatory behavior of (3) by using Kartsatos' technique, such as papers [9,10]. 
Recently, without imposing the Kartsatos condition that e(t) = g"(t) is the second derivative 
of an oscillatory function g(t), E1-Sayed [11], Nasr [12], and Wong [13] studied the oscillation of 
equation (3) with A = 1 and equation (3) with A > 1, respectively. This approach also has been 
studied different ypes of forced second-order differential equations, uch as papers [14-16]. 
More recently, Sun [1] obtained some new oscillation criteria for the linear (A = 1) and the su- 
perlinear (A > 1) equation (2) including equation (3), without imposing the Kartsatos condition. 
However, Sun [1] do not say anything else for the oscillation of equation (2) with 0 < A < 1. 
The purpose of our paper is to further their investigation for the equation (1), including the 
paper of Sun [1]. By using the similar method of Wong [17], Tiryaki et at. [18], and ~akmak 
and Tiryaki [16], we obtain some new oscillation criteria for equation (1) that do not assume 
that q(t), e(t), and p'(t) be of definite sign. Our methodology is somewhat different from that of 
previous authors. We believe that our approach is simpler and more general than a recent result 
of Sun [1] We are also answer the question in [1] for the oscillation of bounded solutions of the 
equation (1) when f(x) = Ix [~sgnx, 0 < A < 1. 
2. MAIN  RESULTS 
In order to discuss our main results, we introduce some properties that will be used in the 
proof of our results. 
Let p e Cl([t0, oo)) and p(t) > 0 on [t0, oo), and let D(a,,b,) = {u e Cl[a,,b,]: u(t) ~ O, 
u(a,) = u(b,) = 0}, for z = 1,2. We take the integral operator A b" in terms of H E D(a,, b~) and a~ 
p(t) as 
A b ' (h ( t ) ; t )=  H 2(t) h(t )p(t )dt ,  a,<t___b,, i=1 ,2 ,  (4) az 
where h E C([t0, c~)). It is easily seen that A b, for i -- 1,2 is linear and positive, and, in fact, a~ 
satmfies the following, 
A b • ~, (alht (t) ÷ a2h2 (t) ;t) = alAba: (hi (t) ;t) + c~2A~; (h2 (t) ;t), 
A b' (h (t) ;t) > 0, whenever h (t) > 0, 
. . . .  [ H(t) + p(t)]  
(5) 
(6) 
(7) 
Here, hi,h2 e C([t0,oo)), h C Cl([t0,oc)) and al, c~2 are real numbers. 
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Let f(x)/x >_ K > 0 for x 7~ O. Assume that for any T _> to, there exist constants 
satisfies the following differential equality, 
~' (t) = ~2 (t) + q (t) 
and by the conditmn f(x)/x >_ K > 0, we have 
w' (t) > w e (t) + Kq (t) - -  
f (x (7. (t))) e (t) 
• (t) ~( t ) '  
(10) 
(7.(t)) e (t) 
x (t) • ( t )  
(11) 
By assumption, we can choose al, bl >__ to, such that bl _> ~'(al), r2(al) = r(r(al)) >_ to, 
q(t) >_ O, for t • [T(al), bl], and e(t) <_ O, for t E [7.(al), bl]. From equation (1), we can easily 
obtain that x"(t) <_ O, for t e It(at), bl]. Therefore, we have that for t E IT(a1), bl], 
X (t) -- X (7. (al)) = x' (s) (t -- 7. (al)) _> x' (t) (t -- 7. (al)) , (12) 
where s • [7.(al), bl] Noting that x(t) > 0 for t _> T(al), we get by (12) that 
i.e., 
x (t) >_ x' (t) (t - 7. (al)), 
x'(t) 1 
X (t) -- < t -- 7- (al) '  t • [7. (al) ,  bl]. (13) 
Integrating (13) from 7.(t) to t > al, we obtain 
x (7" (t)) T (t) -- 7 (al) 
x(t) -> t -  T(al) , t • (al,bl]. (14) 
By using (14) in (11), we have that for t • (al, bl], 
T (t) - 7. (al) (15) ~' (t) > w e (t) + Kq (t) F--7~-aU " 
Let H(t) E D(al, bl) be given as in the hypothesis. Applying the operator A to (15) from 
sl > al to bl, using (7), and the fact that H(al) = H(bl) = 0, we obtain 
Abs ', (Kq(t) T(t)-~'(al) t) bl H'(t) p ' ( t ) lw(t) ; t  ) 
~---nbBli l_o,(t)le ) 
~[H( t )  +2p( t ) ]  ;t (16) 
--Abl w( t )+ \H( t )  +2p( t )  j j  ' " 
t • [T(al),bl], 
THEOREM I. 
al, bl, a2, b2, such that T _< al < bl, T _< a2 < b2, and 
q (t) >_ 0, for t e [~- (al) ,  bl] G ['r (a2), b21, 
< 0, t • [7. (a l ) ,b l ] ,  (s) 
(t) ___ 0, t • [7. (as), be]. 
If there exist H • D(a~, b~) and a positive function p • Cl([t0, co)), such that 
( "r(t)-7.(a,) [H'  ( t ) lp '  (t)] 2 ) 
Ab: Kq(t) -t---~-(a-~ [H(t) +2p( t )  j ;t >_0, (9) 
for ~ = 1,2, then equation (1) is oscillatory 
PROOF. Assume to the contrary that x(t) is a nonoscillatory solution of equation (1), which 
is eventually positive. Say x(t) > O, x(7.(t)) > 0, when t _> to, for some to depending on the 
solution x(t). Denote w(t) = -x'(t)/x(t), for t _> to. It follows from equation (1) that w(t) 
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Letting Sl ~ al in the above inequality, we have 
( 7" (t) -- T (al) [H ' ( t ) .  lp ' ( t ) ]  2 ) 
A b', Kq(t) ~U_T(al) LH( t  ) +~p- -~ j  ;t <0,  (17) 
which contradicts (9). 
In the case of x(t) < 0 for t > to, we use the function y(t) = -x(t)  as a positive solution of 
the differential equation x"(t) + q(t)f(x(~-(t))) = -e(t) and repeat the above procedure on the 
interval [a2, b2] in place of [al, bl]. This completes the proof of Theorem 1. 
THEOREM 2. Let xf(x)  > 0 whenever x ~ O, and ]f(x)l >__ Ixl. Assume that for any T >_ to, 
there exist constants al, bl, a2, b2, such that T < al < bl, T < a2 < b2, and (8) holds. If there 
exist H E D(a~,b~) and a positive function p E Cl([t0, oo)), such that 
Ab, (q(t) T ( t ) - - ' r (a , ) [H ' ( t ) lp ' ( t ) ]2 . t )  >0, (18) 
~' t -~- (a , )  LH(t)  +2p( t ) ]  ' - 
for ~ = 1,2, then equatlon (1) is oscillatory. 
PROOF. Assume to the contrary that x(t) is a nonoscillatory solution of equation (1), which is 
eventually positive. Say x(t) > 0, x(r(t)) > 0 when t >_ to for some to depending on the solution 
x(t). Then, proceeding as in the proof of Theorem 1, we obtain (10) and by the condition 
f(x) > x, we have 
~' (t) > ~2 (t) + q (t) x (~ (t)) e (t) 
x (t) x (t)" (19) 
The rest of the proof is similar to that of Theorem 1, and hence, is omitted. 
REMARK 1. Let f(x) - x and choose p(t) = 1. It is easy to see that Theorems 1 and 2 reduce 
to Theorem 1 of [1], and reduce to Theorem 1 of [13] with p(t) - 1 and r(t) = t. 
REMARK 2. When f(x) - x and ~-(t) = t, it is easy to see that Theorems 1 and 2 reduce to 
Theorem 2 of [15] with a = 1, r(t) - 1 and p'(t) >_ O, and reduce to Theorem 1 of [16] with 
a = 1,r(t) = 1 and ~(x) - 1. 
THEOREM 3. Let xf(x) > 0 whenever x ~ O, and If(x)[ > ]xl ~. Assume that for any T >_ to, 
there exist constants ai, bt, a2, b2, such that T <__ al < bl, T < a 2 < b2, and (8) holds. If there 
exist H E D(a,, b,) and a positive function p E Cl([t0, co)), such that for every constant c > O, 
( (~- ( t ) - -~(a , )~ ; 1 [H ' ( t )  lp ' ( t ) ]  2 ) 
Ab: q (t) \ t--~- (a,) ] -- c k g ( t )  + 2 p(t) J ;t >__ 0, (20) 
for I = 1, 2, then 
(i) every unbounded solution of equation (1) with ~ > 1 is oscillatory, 
(ii) every bounded solution of equation (1) with 0 < ~ < 1 is oscillatory. 
PROOF. Assume to the contrary that x(t) is a nonoscillatory solution of equation (1), which 
is eventually positive. Say x(t) > O, X(T(t)) > 0 when t _ t0, for some to depending on the 
solution x(t). Denote w(t) = -x'(t)/x~(t) for t _> to. It follows from equation (1) and the 
condition f(x) >__ x ~ that w(t) satisfies the following differential inequality, 
(x(7(t_))) ~ e(t) (21) ~' (t) >_ ~- i  (t) ~ (t) + q (t) \ • (t) ~ (t)" 
Similar to the proof of Theorem 1, we obtain 
x (T (t)) > T (t) -- ~- (at) t C (al, bl] (22) 
(t) - t -~(~l )  ' 
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By using (22) in (21), we have that for t E (al, bl], 
w' (t) > AzX- l ( t )w2( t )+q( t )  (T ( t ) - -T (a l ) )  ~ - (23) 
Next, we consider the following two cases. 
(i) If x(t) is an unbounded nonoscillatory solution of equation (1) with A > 1 on [al, bl], then 
there exists a constant kl > 0, such that x(t) > kl on [al, 51]. Therefore, 
(t) > = Cl, on  [al ,  51], (24) 
where cl is a constant. Using (24) in (23), and proceeding as in the proof of Theorem 1, 
we arrive at the desired contradiction. 
(ii) If x(t) is a bounded nonoscillatory solution of equation (1) with 0 < A < 1 on [al, 51], 
then there exists a constant k2 > 0, such that x(t) <_ k2 on [al, bl], and hence, 
Ax x-1 (t) >__ Ak~ -1 = c2, on [al, bl] , 
where c2 is a constant. The rest of the proof is similar to that in the previous case and 
hence, is omitted. 
Now, by combining some mgredients of the proofs of Theorem 2 in [1] and of Theorem 1, we 
give the following theorem, whose proof is similar to that of Theorem 1, for the equation (1) with 
If(x)l >_ Ixl A > 1. 
THEOREM 4. Let x f (x )  > 0 whenever x 7/= O, and If(x)[ ___ Ix[ ~, A > 1. Suppose that for any 
T >_ to, there exist constants al, bl, a2, b2, such that T <_ al < bl, T <_ a2 < b2, and (8) holds. If  
there exist H 6 D(a,, b~) and a positive function p 6 CX([to, (x))), such that for 0 = A(A-  1) 1/A-l, 
Ab2" Oql/X(t) le(t)]l-1/x t - z (a , )  [H( t )  +2p( t )  J ' ] >0,  (25) 
for z = 1,2, then equation (1) is oscillatory. 
REMARK 3. When p(t) = 1 and f (x)  = [x[~sgnx, A > 1, Theorem 4 reduces to Theorem 2 of 
[1]. Note that, in addition to previous assumptions if ~-(t) = t, Theorem 4 also improves the main 
result of [12] since 0 > 1. 
REMARK 4. When 7(t) = t and f (x)  = [x[Xsgnx, it is easy to see that Theorems 3 and 4 reduce 
to Theorems 2.2 and 2.3 of [14] with a(t) -- 1 and p(t) - O, respectively. 
REMARK 5. When f (x)  -- [x[~sgn x, 0 < A < 1, Theorem 3(ii) answers the oscillation of bounded 
solutions of the equation (1). 
3. EXAMPLES 
In this section, we shall give some examples to illustrate our results. 
Consider the following differential equation, 
T 
(26) 
where m > 0 is a sufficiently large constant, q(t) = ms int ,  T(t) = t - 7~14, e(t) = cost. For any 
T > 0, if we choose al = 2nlr + 37r/4, bl = 2nr  + 7r, a2 -= 2nTr + ~/4, 52 = 2n~ + 7r/2, such 
that al >_ T for sufficiently large integer n, then we have q(t) > 0 for t E [~'(al), 51] U [~-(a2),52], 
e(t) < 0 for t e [T(al),bl], and e(t) > 0 for t e [T(a2),b2]. Choose H(t)  = s in2tcos2t and 
p(t) = 1 + sin 2 4t, then H E D(a~, b,) for ~ -- 1, 2. 
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EXAMPLE 1. Let f in the equation (26) be f(x) = x + ]xj~-lx. 
cases. 
CASE I. Let A : 1, then f(x) : 2x. Noting that for ~ = 1, 2, 
Then, we consider following 
Ab" ( [H '  (t) !p ' ( t ) ]2 . t~ ~b, 
~" L H (t) + 2 p(t) j ' ) = , 
= ~a b* 
[H'  (t) l P '  (t)] 2 dt 
H 2 (t) p (t) L H (t) + 2 p (t) J 
1 ~p' (t) -p--~[H'(t)p(t)+ H(t)]  2 dt 
~b~ [4 4t cos 4t + 2 cos 4t] 
1 
sin 2 2 dt 
= , 1 + sin 2 4t 
2 
(27) 
By Theorem 1 with K = 1 or Theorem 2, we obtain that if 
T(t) - T_(a,);t~ = l 6" H2(t)p(t)q(t ) T(t) -- 7-(a,) dt 
Ab:, q(t) -t---7(a,) ) , t -T (a t )  
(b, t - at 
= m j~ sm 2 2t cos 2 2t (1 +sm 2 4t) sin t t _ at + ~r/4 
z 
> (2~-  1) 
dt (28) 
hold for sufficiently large m, then equation (26) with A = 1 is oscillatory. 
CASE II. Let A > 1 is the ratio of odd integers. It is easy to see that xf(x) = x 2 + Ix] )`+1 > 0 
and (27) hold for ~ = 1, 2. By Theorem 4, we obtain that if 
~(t)- ~(~,)  Ab• eql/)`(t)le(t)]l-1/n t--~-(a-O) ;t 
if " H 2 (t) p (t) eq 1/)` (t)I~ (t)[ 1-1/)` 7 (t) - r (a,) = , t-~-(a,)  dt /)" = m0 sin 2 2t cos 2 2t (1 + sin 2 4t) sin 1/)` t [cost] 1-1/)` t - a~ 
, t - a, + ~r/4 
> (2V~-  1) 7r 
(29) 
dt 
hold for sufficiently large m, where O = A (A - 1) 1/)`-1, then equation (26), when A > 1 is the 
raUo of odd integers, is oscillatory. 
CASE III. Let A is the ratio of odd integers, such that A > 0 and A # 1. Noting that xf(x) = 
X 2 -~- IX[ A+I > 0 and for z ---- 1, 2, 
LH(t)  +2p(Q j  ' ] = , H 2(t) p ( t )c  LH(t)  +2 p(t) J 
l~b '  1 [ 1,  ]2 
=-i , T-~ g'(t)ptt)+~p (t)H(t) dt 
1 ~b, 1 [4sin 2 4t cos 4t + 2 cos4t] 2 dt 
-- c__ ,  l+s in  24t 
(2,5-1) 
2c 
(30) 
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By Theorem 3, we obtain that if 
( A~: q(t) t--~(a~) ] ;t = H2( t )p( t )q( t ) \ - t - - -~- (a~ J dt 
(31) 
=m sin22tc°s22t( l+sin24t) sint t -a~+~r/4]  dt>_ 2c ' 
z 
hold for sufficiently large m and for every constant c > O, then every unbounded solution of equa- 
tion (26), when A > 1 is the ratio of odd integers, and every bounded solution of equation (26), 
when 0 < A < 1 is the ratio of odd integers, are oscillatory. 
EXAMPLE 2. Let take f in the equation (26) as f(x) = ]xl~sgnx = ]xlX-lx. Then, we consider 
following cases. 
CASE I. Let A ---- 1, then f(x) = x. It is easy to see that (27) satisfy for ~ = 1,2. By Theorem 1 
with K -- 1 or Theorem 2, we obtain that if (28) hold for sufficiently large m, then equation (26) 
with A = 1 is oscillatory. 
CASE II. Let A > 1. It is easy to see that xf(x) -- Ix[ ~+1 > 0 and (27) hold for ~ --- 1,2. By 
Theorem 4, we obtain that if (28) hold for sufficiently large m, where 0 = A(A - 1) 1/~-1, then 
equation (26) with A > 1 is oscillatory. 
CASE III. Let A > 0, A ~ 1. It is easy to see that xf(x) = ]xl ~+1 > 0 and (30) hold for 
z = 1, 2. By Theorem 3, we obtain that if (31) hold for sufficiently large m and for every constant 
c > 0, then every unbounded solution of equation (26) with ), > 1 and every bounded solution of 
equation (26) with 0 < A < 1 are oscillatory. 
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